We present a new family of shape invariant potentials which could be called a "continuous ℓ version" of the potentials corresponding to the exceptional (X ℓ ) J1 Jacobi polynomials constructed recently by the present authors. In a certain limit, it reduces to a continuous ℓ family of shape invariant potentials related to the exceptional (X ℓ ) L1 Laguerre polynomials. The latter was known as one example of the 'conditionally exactly solvable potentials' on a half line.
were not fully understood. The structure of the Hamiltonians (potentials) of the exceptional orthogonal polynomials are essentially the same for the J1 X ℓ Jacobi and the L1 X ℓ Laguerre polynomials, as shown in our previous papers [4, 6, 5, 7, 8] . Therefore we will present the "continuous ℓ versions" of the potentials corresponding to the J1 X ℓ Jacobi and the L1 X ℓ Laguerre polynomials in parallel. We will follow the notation of [7, 8] .
This paper is organised as follows. In section two we will recapitulate the original systems, that is, the quantum mechanical systems of the DPT and the radial oscillator potentials, in order to set the stage and to introduce appropriate notation. In section three the new deforming functions, the "continuous ℓ versions" of the deforming polynomials ξ ℓ (η), are introduced and their properties are demonstrated. Section four is the main part of this paper.
In subsection 4.1, the deformed systems, that is, the "continuous ℓ versions" of the potentials corresponding to the J1 X ℓ Jacobi and the L1 X ℓ Laguerre polynomials are presented.
Here we stress two points. Firstly, we show the concrete structure of the Hamiltonians. Secondly, the shape invariance is demonstrated explicitly. We will briefly mention why the "continuous ℓ versions" of the potentials corresponding to the J2 X ℓ Jacobi and the L2 X ℓ Laguerre polynomials do not exist. The Darboux-Crum transformations [19, 20] intertwining the Hamiltonians of the original systems with the new deformed systems are introduced in subsection 4.2. Various properties of the new deformed systems are derived from those of the original systems through the intertwining relations. In subsection 4.3 we briefly review the limiting procedure, from the Jacobi polynomials (hypergeometric function) to the Laguerre polynomials (confluent hypergeometric function), which connects the results of the "continuous ℓ versions" of the potentials corresponding to the J1 X ℓ Jacobi and the L1 X ℓ Laguerre polynomials. The final section is for a summary and comments. It is shown why the above recipe to construct a "continuous ℓ version" does not work for the Hamiltonians of the exceptional Askey type polynomials constructed by the present authors [9, 10] .
Original systems
Here we summarise various properties of the original Hamiltonian systems, the two well known shape invariant systems, the Darboux-Pöschl-Teller [15] and the radial oscillator [2, 3] potentials. The eigenfunctions are described by the Jacobi and Laguerre polynomials, to be abbreviated as J and L. These results are to be compared with the specially modified systems to be presented in § 4. Let us start with the Hamiltonians, Schrödinger equations and eigenfunctions (x 1 < x < x 2 ):
Here η(x) is the sinusoidal coordinate, λ is the set of parameters, w 0 (x; λ) is the prepotential and E n (λ) is the n-th energy eigenvalue:
The eigenfunction consists of an orthogonal polynomial P n (η; λ), a polynomial of degree n in η, (P n (η; λ) = 0 for n < 0):
Shape invariance [1] means in this setting [21, 22, 23] A(λ)A(λ)
or equivalently,
It is straightforward to verify this for the given forms of the prepotential w 0 (x; λ) (2.5). The action of A(λ) and A(λ) † on the eigenfunction is
Here the coefficients f n (λ) and b n−1 (λ) are the factors of E n (λ) = f n (λ)b n−1 (λ):
The forward and backward shift operators, F (λ) and B(λ), are defined in the following way and they can be expressed in terms of η only [7] :
12)
where c F , c 1 (η, λ) and c 2 (η) are
Their action on the polynomial is
These forward and backward shift relations are the factors of the second order differential equations for the polynomial P n : The orthogonality reads
3 Deforming function with continuous ℓ
In deriving the Hamiltonians of the exceptional Jacobi and Laguerre polynomials [4, 6] , the original system is deformed in terms of a degree ℓ = 1, 2, . . . polynomial ξ ℓ (η; λ), which is the eigenpolynomial (Jacobi or Laguerre) with twisted parameters. We consider a real positive number ℓ instead of an integer.
Let us define the following deforming function ξ ℓ (η; λ) with ℓ ∈ R >0 :
where the Kummer's transformation formula is used in the second equalities. In addition to the condition g, h > 0 (2.4), we restrict the parameters as follows:
, h >
then the deforming function ξ ℓ (η(x); λ) has no zero in the domain x 1 < x < x 2 . This can be easily verified by using the power series definition of the (confluent) hypergeometric function (3.15),(3.21) and the alternative expressions (3.2) and (3.4).
Since the Jacobi and Laguerre polynomials are expressed as
this deforming function reduces to the deforming polynomial in [4, 6] for integer ℓ
We remark that we had restricted g > h > 0 for J1 (h > g > 0 for J2) in [4, 6, 7] for a positive integer ℓ, but this restriction is unnecessary due to (3.2) and (3.4).
Here we present three formulas satisfied by the deforming function ξ ℓ (η; λ) (3.9)-(3.11), which will play important roles in the derivation of various results in § 4:
and E ℓ (λ) are given by [7] c 1 (η, λ, ℓ)
The first equation ( ing to note that (3.9) can be considered as a consequence of (3.10) and (3.11).
In the rest of this section we present some properties of the hypergeometric functions 2 F 1 and the confluent one 1 F 1 . We assume that parameters (a, b, c) are generic.
The hypergeometric function 2 F 1 is defined by
The following properties can be verified elementarily based on (3.15):
17)
The confluent hypergeometric function 1 F 1 is defined by
The following properties can be verified elementarily based on (3.21):
To sum up, the deforming function ξ ℓ (η(x); λ) possesses two important properties; (i) it has no zero in the domain x 1 < x < x 2 , (ii) it satisfies the three formulas (3.9)-(3.11), which are the essential properties of the deforming polynomials in the theory of the exceptional Jacobi and Laguerre polynomials [6, 7] .
Before closing this section, let us briefly comment on the possible "continuous ℓ versions"
corresponding to the J2 Jacobi and L2 Laguerre polynomials. The obvious candidates for the deforming function are:
For the above choices and a few other related candidates, we have not been able to find
proper parameter ranges in which the above two properties (i) and (ii) are satisfied and at the same time invariant under the shifts, g → g + 1, h → h + 1, so that the shape invariance method is applicable. In other words, the J2 and L2 deformations are valid only for integer ℓ.
Deformed systems and intertwining relations
We deform the original systems in terms of the deforming function ξ ℓ (η(x); λ) in exactly the same manner as in the theory of the exceptional orthogonal Jacobi and Laguerre polynomials [4, 6, 7] .
Deformed systems
For a real positive number ℓ, we define a deformed Hamiltonian:
3)
The overall normalisation of the deforming function ξ ℓ is immaterial for the deformation and the original Hamiltonian corresponds to ℓ = 0. This system is shape invariant, 4) or equivalently,
As in the theory of the exceptional orthogonal Jacobi and Laguerre polynomials [5] , this relation is reduced to an identity involving cubic products of ξ ℓ , which can be proved by using the three formulas (3.9)-(3.11). The shape invariance determines the whole spectrum and eigenfunctions in terms of the first excited state energy and the ground state wavefunction.
Eqs. We present various properties of these deformed systems, which will be derived without using shape invariance in the next subsection. The Schrödinger equation of this deformed system is
The spectrum and the main part of the eigenfunction are
wheref ℓ,n (λ) andδ will be given in (4.21)-(4.22). The Sturm-Liouville's theorem ensures that the function P ℓ,n (η(x); λ) has n zeros in the domain x 1 < x < x 2 . The action of A ℓ (λ) and A ℓ (λ) † on the eigenfunction is A ℓ (λ)φ ℓ,n (x; λ) = f ℓ,n (λ)φ ℓ,n−1 x; λ + δ , (4.10)
The forward and backward shift operators are defined in a similar way as before
and their action on P ℓ,n is F ℓ (λ)P ℓ,n (η; λ) = f ℓ,n (λ)P ℓ,n−1 (η; λ + δ), (4.15)
The second order differential operator H ℓ (λ) acting on the functions P ℓ,n (η; λ) is defined by
where we have used (3.9)-(3.11) in (4.17).
The orthogonality reads
The normalisation constant h ℓ,n (λ) is related to h n (λ) (2.21) as
In the second equality of (4.20) we have used the explicit expressions of h n (λ) (2.21).
Intertwining relations 4.2.1 General setting
For well-defined operatorsÂ ℓ (λ) andÂ ℓ (λ) † , let us define a pair of HamiltoniansĤ
and consider their Schrödinger equations, that is, the eigenvalue problems:
.). (4.24)
By definition, all the eigenfunctions must be square integrable. Obviously the pair of Hamiltonians are intertwined:
ℓ,n (x; λ) = 0, then the two systems are exactly isospectral and there is one-to-one correspondence between the eigenfunctions:
This situation is called 'broken susy' case in the parlance of supersymmetric quantum mechanics [3, 17] . It should be stressed that in the ordinary setting of Crum's theorem, the zero mode ofÂ ℓ (λ) is the groundstate ofĤ In the following we will present the explicit forms of the operatorsÂ ℓ (λ) andÂ ℓ (λ) † , which intertwine the original systems in § 2 and the deformed systems in § 4.1.
Intertwining the original and the deformed systems
Here we demonstrate that the Hamiltonian systems of the original polynomials reviewed in § 2 and the deformation summarised in § 4.1 are intertwined by the Darboux-Crum transformation.
The intertwining operatorsÂ ℓ (λ) andÂ ℓ (λ) † are given bŷ
log sin x − h log cos x : J1
These have exactly the same form as those used for the exceptional J1 Jacobi and L1 Laguerre polynomials [8] . See also a similar work [24] . It is illuminating to compare these prepotential 
These fundamental results can be obtained by explicit calculation, in which the three formulas (3.9)-(3.11) are used.
It is instructive to verify that the zero modes ofÂ ℓ (λ) andÂ ℓ (λ) † do not belong to the Hilbert space of the eigenfunctions. In fact, the zero modeÂ ℓ (λ) iŝ
which is non-square integrable for the chosen parameter range (3.5). The zero mode of
which is also non-square integrable for the chosen parameter range (3.5). Thus the 'broken susy' case is demonstrated [3, 17] .
Based on the results (4.32)-(4.33), we havê
Then it is trivial to verifyÂ ℓ (λ)φ
ℓ,n (x; λ) = 0. For, if one of the eigenfunction is annihilated byÂ ℓ (λ) (Â ℓ (λ) † ), the left hand side of (4.32)((4.33)) vanishes, whereas the right hand side is E n (λ + ℓδ +δ) +f ℓ,0 (λ)b ℓ,0 (λ) times the eigenfunction, which is obviously non-vanishing. Note that E n (λ + ℓδ +δ) = E n (λ + ℓδ).
The correspondence of the pair of eigenfunctionsφ
Let us introduce operatorsF ℓ (λ) andB ℓ (λ) defined bŷ
which can be expressed in terms of η:
The operatorsF ℓ (λ) andB ℓ (λ) act as the forward and backward shift operators connecting the original orthogonal polynomials P n (η) and the orthogonal functions P ℓ,n (η):
The former relation (4.43) with the explicit form ofF ℓ (λ) (4.41) provides the explicit expression (4.9) of the main part of the eigenfunction. Other simple consequences of these relations arê
The operatorÂ ℓ (λ) intertwines those of the original and deformed systems A(λ) and
These relations can be obtained by explicit calculation, in which the three formulas (3.9)-(3.11) are used. In terms of the definitions of the forward shift operators F (λ) (2.12), F ℓ (λ) (4.13),F ℓ (λ) (4.39), and the backward shift operators B(λ) (2.13), B ℓ (λ) (4.14), the above relations are rewritten as:F
By applyingÂ ℓ (λ + δ) andÂ ℓ (λ) to (2.9) and (2.10) with a replacement λ → λ + ℓδ +δ respectively, together with the use of (4.46), (4.47) and (4.38), we obtain
In the calculation use is made of the explicit forms off ℓ,n (λ), f n (λ) and b n (λ) in the second equalities. This provides a proof of (4.10)-(4.12) without recourse to the shape invariance. Likewise the above intertwining relations of the forward-backward shift operators 
Here we have used (4.38) and (4.36) in (i), an integration by parts in (ii), (4.24) and (4.36) in (iii), (4.45) and (2.20) in (iv).
Limit: Jacobi → Laguerre
It is well known [16] that the Laguerre polynomial L (α)
n (x) is obtained from the Jacobi polynomial P (α,β) n (x) in a limit:
It is also known that the radial oscillator potential can be obtained from the trigonometric DPT potential in the limit of infinite coupling h → ∞ together with the rescaling of the coordinate:
The two prepotentials (2.5) are related [6] :
Here we will show that the above two "continuous ℓ versions", the J1 Jacobi and L1 Laguerre, are connected by the same limit. By using the series definitions of the (confluent) hypergeometric functions (3.15) and (3.21), one obtains 
Thus the limiting procedure connects the original systems, the deformed systems and the intertwining relations.
Summary and Comments
A new family of shape invariantly deformed Darboux-Pöschl-Teller potentials [15] is presented. It is a "continuous ℓ version" of the potentials corresponding to the exceptional (X ℓ ) Jacobi polynomials [4, 6, 5, 7, 8, 9, 10] . The method of deformation, intertwining relations, etc are almost parallel with those in the theory of the exceptional orthogonal polynomials, that is, for integer ℓ. In the well known limit leading from the Jacobi polynomials (the hypergeometric function) to the Laguerre polynomials (the confluent hypergeometric function), the family of shape invariantly deformed radial oscillator potentials with continuous ℓ is obtained. The latter is known as an example of 'conditionally exactly solvable potentials' [17] . It should be stressed that the "continuous ℓ version" of the exceptional orthogonal polynomials exists only for the first type, the J1 X ℓ Jacobi and L1 X ℓ Laguerre polynomials.
The Hamiltonian of the DPT (radial oscillator) potential is known to have infinitely many non-singular factorisations, up to an additive constant, related with the exceptional orthogonal (X ℓ ) polynomials, ℓ = 1, 2, . . ., [8] . Now we have demonstrated that the same Hamiltonian, up to an additive constant, allow non-singular factorisations (4.32) parametrised by a continuous real number ℓ > 0.
In discrete quantum mechanics [21, 22, 23] , a similar deformation based on a deforming polynomial ξ ℓ with integer ℓ = 1, 2, . . ., was studied [9, 10] , in which the exceptional continuous Hahn, Wilson and Askey-Wilson polynomials were obtained. The deforming polynomial ξ ℓ (η(x); λ) satisfies three formulas (2.67)-(2.69) in [10] , which would correspond to (3.9)- , the hypergeometric series 3 F 2 will be divergent after one step of shape-invariant transformation a 2 → a 2 + in [10] is known. Thus the "continuous ℓ version" of the deformation is not possible.
